Abstract-We analyze polarization mode dispersion (PMD) emulators comprised of a small number of sections of polarizationmaintaining fibers with polarization scattering at the beginning of each section. Unlike previously studied devices, these emulators allow the emulation of a whole ensemble of fibers. We derive analytical expressions and determine two main criteria that characterize the quality of PMD emulation. The experimental results are in good agreement with the theoretical predictions.
its scale length, the birefringence should be considered large but rapidly changing, relative to the system scale lengths of interest [2] . The length scale on which a single frequency changes its polarization state equals the length scale on which the orientation of the optical fiber birefringence changes, which is also the same order of magnitude as the beat length [3] ; thus, the polarization state of the light is also rapidly changing. By contrast, the changes in the polarization states for all frequencies in a single wavelength channel are nearly identical, so that the polarization states in two different frequencies drift apart slowly if they start out the same. It is this differential drift that is the physical source of polarization mode dispersion (PMD).
The length scale on which this differential drift occurs varies over a wide range because it depends on the bandwidth of the signal channel as well as the properties of the optical fiber, but, in general, it is far longer than the length scale on which the polarization states of individual frequencies randomize on the Poincaré sphere [2] . Values range from tens of kilometers to tens of thousands of kilometers. The differential drift in the frequency domain leads to spreading in the time domain, reducing the power margin and increasing the bit error rate (BER). This effect becomes more important as the data rate of a single channel increases because the bandwidth of a single channel increases with the data rate. This effect must be overcome to implement 40-Gb/s transmission in single-wavelength channels over the current fiber plant in many systems, and, in some cases, it can be a seriously limiting factor in systems in which the single-channel rate is 10 Gb/s. Verifying that systems operate properly in the presence of large PMD is something that any system designer must do when marketing systems in which single channels operate at 10 Gb/s, 40 Gb/s, or higher [4] , [5] .
Because of the statistical nature of PMD, these verification experiments are hard to conduct. The axes of birefringence inside an optical fiber randomly change on a time scale that varies between milliseconds and hours, depending on the external conditions. The PMD and the polarization states in the fiber change on the same time scale. Ideally, one would like to know the outage probability for any system-the probability that, as the polarization parameters of the fiber randomly change, the power penalty due to PMD will fall outside an acceptable range. In order to determine that, one would like to observe the system's behavior as it passes through a large number of states. However, it is difficult in practice to carry out experiments in the field that are long enough in time to observe enough states to predict the outage probability. In the laboratory, the situation is even worse. Modern-day optical fiber has much lower PMD 0733-8724/01$10.00 © 2001 IEEE than does much of the current fiber plant in the ground. Values of today's commercial fiber are on the order of 0.1 ps/km or less, while values of 1.0 ps/km or even higher are not uncommon in fiber that is currently in the ground. Thus, even if it is possible to follow the behavior over long periods of time in the laboratory-and to use methods that are only possible in a laboratory to enhance the rate at which the fiber states change-it is nearly impossible to obtain high-PMD fiber in the first place.
Thus, there is a need for PMD emulators that have the same properties as high-PMD optical fibers but that, at the same time, can be rapidly scrolled through a large number of different configurations [6] , [7] so that it is possible to accurately determine the outage probabilities. In the scientific literature today, it is not uncommon to see emulators that are built using three, two, or sometimes even just one section of high-birefringence fiber or some other high-birefringence material with either polarization rotators or scramblers at the ends or between the sections. There are also emulators that consist of as many as 15 sections of high-birefringence fibers that are directly spliced together. It is natural to ask to what extent these emulators mimic the behavior of real optical fiber transmission systems. What is required in order for an emulator to reliably model the behavior of a real optical fiber when testing a compensator or a wavelength division multiplexed (WDM) system? In this paper, we address this question, and we show that most of the emulators that are currently being used are inadequate. In particular, we find that approximately 10-15 sections with rotators or scramblers between them are required to model an optical fiber. Using fewer sections is insufficient, and it is insufficient for most applications to use an emulator in which the orientations of the axes of birefringence between the sections are fixed.
First, we must establish criteria for judging when an emulator is adequate. These criteria are, to some degree, arbitrary. We use two criteria.
1) For an emulator with a given PMD, the differential group delay (DGD) should be Maxwellian distributed at every frequency [8] . We demand that the actual distribution appear indistinguishable from a Maxwellian distribution when plotted on a linear scale. This convergence is quantified by the integral of the root mean square (rms) difference between the actual distribution and the ideal distribution. 2) For an emulator with a given PMD, the frequency autocorrelation function of the dispersion vector should tend quadratically toward zero as the frequency separation increases [9] . In practice, we demand that the autocorrelation background is lower than 10%. A third criterion that we initially tried to apply is that for almost all choices of the parameters of the emulator, the DGD should be Maxwellian distributed as a function of frequency. This criterion turned out to be too stringent to be useful. Moreover, we verified that when criteria 1) and 2) hold, the second-order PMD has the expected hyperbolic-secant distribution [10] , giving some indication that the first two criteria are sufficient to assure the expected behavior for the higher order PMD. Although these criteria are, to some extent, arbitrary, it will become readily apparent to the reader that they are minimal. The DGD distribution of a three-section emulator differs dramatically from a Maxwellian distribution and cuts off at a value close to the expected DGD so that the outage probability that it yields for a given PMD will be far lower than in real fibers.
The remainder of this paper is organized as follows. In Section II, we present the basic theory that allows us to determine the DGD distribution. In Section III, we discuss emulators with a fixed orientation between sections. In Section IV, we discuss emulators with a uniform scattering on the Poincaré sphere between sections. In Section V, we discuss emulators with rotators between the sections. We present our experimental results in this section. Section VI describes approaches for optimizing the emulator design. Finally, Section VII contains the conclusions.
II. BASIC THEORY
Here we revisit the two-step derivation of the concatenation rule of polarization dispersion vectors that is used as the basis for the development of the analytical theory of PMD emulators. This concatenation rule was first derived by Gisin and Pellaux [11] .
The frequency-dependent evolution of the states of polarization in optical fibers can be described by the following vector equation: (1) where is the three-dimensional (3-D) Stokes vector and is the polarization dispersion vector [12] . The DGD between the two principal states of polarization can be expressed as the length of the vector (2) The polarization vector of the light after sections of polarization-maintaining fiber, and the initial polarization vector , are related by the equation T , where T is the 3 3 Müller transmission matrix. Here, we assume that all of the frequency components of the signal are launched with the same initial Stokes vector . Let B be the rotation matrix that transforms the Stokes vector from the input of the -th polarization-maintaining fiber section to the output of the -th section, so that B . Using these relations, we may write
and
where the prime indicates a derivative with respect to . Comparing (3) and (4) to (1), the formula that relates the polarization dispersion vector after the th section to the polarization dispersion vector after the -th section may be written as B
where is the polarization dispersion vector of the first sections and is the polarization dispersion vector of the next sections. Explicitly, the quantities and B B are related by
The identity B B B represents a basis transformation caused by the propagation through the last sections.
A practical way to obtain the polarization dispersion vector of a concatenation of polarization-maintaining fibers is to solve (5) recursively by choosing . Let and be the polarization dispersion vectors of the first sections and the -th section, respectively. Then, we may write the following recursion formula for the total DGD:
where is the angle between and B . The rms DGD of an ensemble of PMD sources, all with the same respective values of but with randomly chosen orientations in the 3-D space, is given by (8) as in [13] , provided that the transmission matrices T that characterize the polarization dispersion vectors are obtained from a distribution such that . Because the probability density function of the DGD (for large ) is Maxwellian, the mean DGD can be obtained from the rms DGD, as in [14] (9) III. PMD EMULATORS WITH FIXED ORIENTATIONS PMD emulators consisting of several sections of polarization-maintaining fiber with unequal lengths whose orientations are fixed [15] have recently been used to test polarization analyzers and for the comparison of different PMD measurement devices and techniques [16] . As long as the wavelength of light is short, compared to the beat length in the fiber (which is, in turn, short compared to the correlation length of the fiber, as is the case in polarization-maintaining fiber), it is legitimate to assume that the polarization state of the light circles the local polarization eigenstate on the Poincaré sphere on a length scale equal to half the beat length [3] . In any polarization-maintaining fiber, there is some random coupling between the polarizations due to the finite ratio between the beat length and the autocorrelation length [17] , but it is negligible in our system.
The propagation matrix of a section of polarization-maintaining fiber whose axes of birefringence are rotated at the beginning of the section through an angle while keeping the angle fixed at the section's end can be described by the matrix equation
where the matrix R accounts for the initial rotation while the matrix R accounts for the propagation through the fiber section. The matrix R is given by
The matrix R is given by R
where (13) is the difference between the wavenumbers of the fast and the slow fiber axes, which is a consequence of the birefringence , and is the length of the -th segment.
From (6) and (10), we obtain (14) Using (5) and (14), we obtain the following recursive relation for the polarization dispersion vector: (15) when the axes of birefringence of consecutive sections consistently rotate by either clockwise or counterclockwise. In this configuration, the signal that propagates through the fast axis in one section always splits into equal parts that propagate along the fast and slow axes of the following section. Likewise, the signal that propagates on the slow axis splits into two equal parts in the following section. This configuration leads to a rapid frequency decorrelation of the resultant polarization dispersion vector as the number of sections increases. By contrast, splices with angles close to 0 and yield a very slow frequency decorrelation as the number of fiber sections increases.
With as few as 15 sections of polarization-maintaining fiber spliced at , with unequal lengths chosen randomly, as described in detail in Section VI, we show in Fig. 1 that the probability density function (pdf) of the DGD for an ensemble of frequencies is well described by a Maxwellian distribution. We verified that this behavior is typical for different random choices of the section lengths. Because the correlation bandwidth of the polarization dispersion vector in Fig. 1 is of the order of
GHz [8] , we expect to find no more than 400 uncorrelated samples in the 4-THz frequency range. We also show, in Fig. 1 , a typical pdf of the DGD for an emulator with the same 15 polarization-maintaining fiber sections but spliced at random angles. The emulator with randomly chosen splicing angles is likely to have either undesirable cancellation of the polarization dispersion vectors between consecutive sections when these angles are close to or to behave like a long piece of polarization-maintaining fiber when the sections are nearly aligned.
We have shown that it is possible to optimize PMD emulators with fixed sections to obtain a DGD distribution in good agreement with a Maxwellian distribution over an ensemble of frequencies. However, the practical use of such emulators to study PMD impairments in communications systems is limited due to the wide frequency range that one needs to sweep in order to obtain good statistics. One must assume that the behavior of the fiber and the optical sources remains the same at all frequencies even when studying only a single channel-something that is not typically the case in real communications systems. Although one might use temperature and other environmental variations to obtain additional statistical variations beyond what is possible by varying the frequency, one cannot obtain a rapidly changing and reproducible emulator using this approach. Finally, it is not possible to study WDM systems using an emulator with fixed sections. In WDM systems, the frequency dependence of the dispersion map, the gain and the loss, and system components play a big role in the system performance. Thus, even if it were possible to vary the frequency of the laser sources while keeping their spacing fixed-a very difficult experiment, indeed-one would still not reproduce the correct system behavior of an ensemble of different fiber realizations. In practice, one can only vary the ambient environment of the emulator, which is slow and irreproducible.
IV. PMD EMULATORS WITH UNIFORM SCATTERING BETWEEN SECTIONS
In this section, we analyze PMD emulators that consist of sections of polarization-maintaining fiber with polarization scramblers at the beginning of each section. The polarization scramblers uniformly scatter the polarization state over the Poincaré sphere and can be made using polarization controllers. Because the polarization dispersion vector is uniformly scattered over the Poincaré sphere, the random variable in (7) is uniformly distributed between 1 and 1. Equation (7) allows us to iteratively obtain analytical expressions for the pdf of the DGD of emulators with an arbitrary number of sections. We show in the Appendix that the recursion formula for the pdf is (16) where is the total DGD of all sections and is the DGD of the -th section, which is assumed to be known. To start the recursion relation, we note that with one section (17) where is the Dirac delta function. Assuming that the DGD is the same for all sections, we then obtain for three sections otherwise (18) and for five sections, as shown in (19) at the bottom of the page.
Equation (16) rapidly converges to a Maxwellian distribution. Plots of the distribution functions of emulators with three, five, and 10 sections are compared to Maxwellian distributions in Figs. 2, 3, and 4 , respectively. With three sections, the pdf differs significantly from a Maxwellian distribution when the DGD is large. With five sections, the shape of the pdf is substantially closer to Maxwellian, and for 10 sections, the pdf of the DGD is already almost indistinguishable from a Maxwellian distribution on a linear scale.
Results similar to those presented in this section have been presented by Djupsjöbacka [18] and Karlsson [19] in the case of emulators with equal length sections.
otherwise. 
V. PMD EMULATORS WITH ROTATABLE SECTIONS

A. Theory
In this section, we study PMD emulators that are made of randomly rotated sections of polarization-maintaining fiber. In this case, the matrix B defined in Section II becomes
where R and R are defined in (11) and (12) . Using (11), (12) , and (20), we then obtain
which, using (6), implies
This result implies that the polarization dispersion vector of each section of polarization-maintaining fiber lies in the plane and the direction of depends on the angle between the axes of birefringence of the fiber and the axis of the fixed reference frame. The length of is proportional to , the linear birefringence, multiplied by the length of the fiber section . There is a subtle point of which the reader should be aware when studying emulators with rotatable sections. In many theoretical studies, it is possible to remove the rotation of the carrier frequency from the definition of in (13); however, that is not the case here. The rotation due to a nonzero is entirely responsible for lifting the polarization dispersion vector out of the plane on the Poincaré sphere. If we do not take this rotation into account, we find, theoretically, that the pdf at the carrier frequency becomes approximately Rayleigh distributed, in contrast to real fibers for which it is Maxwellian distributed. Along these lines, we also note that a potential difficulty with emulators that consist of rotatable equal-length sections with a fixed birefringence is that all the frequency-dependent characteristics repeat periodically in frequency. Thus, at certain periodically spaced frequencies becomes a multiple of and at those frequencies the pdf becomes Rayleigh distributed. Moreover, the autocorrelation function becomes periodic. This phenomenon, which does not occur in real fibers, can be avoided in practice by using sections of variable length when constructing emulators. In older computational studies of PMD, it was often the practice to use equal-length sections of fiber with random rotations between the sections. In principle, this approach is subject to an unrealistic frequency periodicity just like physical emulators with equal-length sections. In practice, this effect can be avoided by taking sufficiently small steps, but this obsolete numerical practice is always less efficient than the coarse step method that uses scramblers between the sections [17] .
We show in the Appendix that it is possible to obtain an analytical expression for the pdf of the DGD in emulators in which the sections are rotated, just as it is possible to obtain analytical expressions when the polarization is uniformly scattered between the sections. However, in this case, the expressions are considerably more complex, and the complexity increases rapidly with the number of sections. The expression for three sections with a constant DGD in each section may be written in integral form as (23) where we recall that is defined in (13) and is the DGD per section. The range of integration is given by (24) Equation (23) can be integrated analytically, but the expression is complicated, and we do not include it here. The complexity of this case relative to the case of uniform scattering is due to the nonuniform scattering on the Poincaré sphere provided by the rotators. Each rotatable section only scatters the and components of the polarization. The nonuniform scattering over the Poincaré sphere is also responsible for the implicit frequency dependence of the pdf that stems from the presence of in (23). We show numerical and analytical pdfs in Fig. 5 for two frequencies 1-nm apart. From Fig. 5 , we conclude that this three-section emulator cannot reproduce a value for the DGD smaller than 62% of the expected DGD at 1.552 m.
B. Experiments
We experimentally studied PMD emulators with independently rotatable connectors placed at the beginning of each section of polarization-maintaining fiber. The transmission matrix in each section of this configuration is given by (10) . This transmission matrix is the same as the one given in (20), with rotatable sections, to within a frequency-independent unitary operation at the output. Hence, they are statistically equivalent.
In the experiments, we have used sections of polarizationmaintaining fiber (Fiber Core, HiBi, Bow-Tie) connected by rotatable key fiber-channel connectors, the fiber-optic connector standard by NTT and NEC. We began our experimental studies by investigating a three-section emulator in which we randomly rotated the connectors, uniformly from 0 to 2 , to emulate different realizations. We measured the DGD values using the Jones matrix method. Fig. 6 shows that a three-section polarization-maintaining fiber emulator cannot mimic the DGD distribution of a real optical fiber span, as predicted by theory.
We then increased the number of sections in the experiment to 15, which is the minimum number of sections that theory indicates should yield good agreement with a real optical fiber. The beat length of the polarization-maintaining fibers approximately equals 1.2 mm at 633 nm, and the average length of the sections approximately equals 7 m. Explicitly, we chose the lengths of .9, 7.1, 6.1, 7.4, and 4.6, for which the standard deviation is equal to 20% of the mean length. As we will discuss in more detail in the next section, this choice of the standard deviation provides a good balance between avoiding the problems that occur with constant-length sections while allowing the total DGD to vary widely. The total loss of this emulator is between 6 dB and 10 dB, depending on the rotation angles of the polarization-maintaining fiber sections. The polarization dependent loss has been measured to be less than 0.2 dB. Different realizations were again obtained by randomly rotating the connectors. The pdf for the emulator with 15 sections is shown in Fig. 7 . A good agreement with a Maxwellian distribution was observed in accord with the theoretical prediction.
In Fig. 8 , we show both theoretical and experimental normalized autocorrelation functions of the polarization dispersion vector for the 15-section emulator. Good agreement between theory and experiment was again observed. In the theoretical work, we used 10 000 realizations. In the experimental work, we used 1000 realizations. In Fig. 8 , we also show the theoretical autocorrelation functions for three-section and 100-section emulators with the same expected DGD. As in the case of the 15-section emulator, we used 10 000 fiber realizations. The section lengths are unequal but are the same in each realization. We chose the section length randomly using the algorithm described in Section VI. We verified that the results presented here are typical by studying many choices of the random lengths, as discussed in Section VI. A background autocorrelation level of 9.3% was observed for the 15-section emulator that decreases to 2.2% for the 100-section emulator. The background autocorrelation level is defined as the average value of the autocorrelation function, normalized to zero frequency separation for polarization dispersion vectors that are separated from each other by a frequency larger than the correlation bandwidth [8] . This background is vanishingly small for real optical-fiber spans, which are many times larger than the fiber correlation length, but it does not vanish for emulators for which the number of sections is typically small. At any frequency, there is a tendency of to be positively correlated with . With one section, the normalized autocorrelation function always equals one. With two sections, we find that , which is always positive, where and are, respectively, the DGDs of the first and second sections. As the number of sections increases, it becomes possible for the autocorrelation function to become negative, but it is not likely. Experiments using PMD emulators with a high background autocorrelation level will produce unreliable results due to high correlation of the polarization dispersion vector within the bandwidth of the optical signal. By any measure, the three-section emulator produces a background autocorrelation level that is unacceptably high.
VI. EMULATOR DESIGN
In order to optimize the lengths and the number of sections in a controllable PMD emulator, we have defined two criteria that an emulator should satisfy. 1) At each frequency, the pdf of the DGD should be Maxwellian distributed. To quantify this property, we first normalize the expected DGD for the given PMD to 1 and write the corresponding Maxwellian pdf as . At each frequency , the probability that the normalized DGD is in the range is designated . We then define the parameters (25) where is the number of bins and is the number of frequencies. Physically, measures the mean square deviation of the pdf from a Maxwellian distribution while measures the spread of the mean normalized DGD of each frequency about the expected value of 1. 2) The background autocorrelation level should be close to zero. To characterize this property, we use the normalized background autocorrelation function (26) where are angular frequencies equally spaced outside the bandwidth of high correlation centered at . We have investigated and attempted to optimize a variety of emulator designs. In two designs that we refer to as E1 and E2, we subdivide the total length of the emulator into some number of sections , and we randomly vary this length using a uniform distribution up to twice the mean length. In design E1, we assume that the sections can be randomly rotated with respect to each other, and in design E2, we assume that there are polarization scramblers between each section so that the polarization state is uniformly scattered on the Poincaré sphere. In two other closely related designs, called EC1 and EC2, we assumed that each of the sections was cut in two parts and then spliced together at a fixed angle of 45 . This design substantially reduces the autocorrelation background at the cost of substantially increasing and . In EC1, the sections are rotated with respect to each other, and in EC2, there are scramblers between each section. In the final design that we considered, referred to as ED1, the sections decrease in length rather than being chosen randomly according to the formula . We have found that choosing yields the best results, but, even in the best case, there is a tradeoff between minimizing and and reducing the background autocorrelation level.
When optimizing our designs, we examined 5000 cases. We used the following algorithm. For a fiber of length with sections, the boundary between the -th and the -th section is located at distance from the beginning of the fiber if the fiber has equal-length sections. We vary the actual location of this boundary randomly using a uniform random number generator in the range , for every . For the design E1 with , corresponding to our experimental design, all of the best cases had a standard deviation of the section length between 20% and 45% of the mean length.
In addition to the two criteria stated at the beginning of the section, we attempted, at first, to apply a criterion in which we demanded that the vast majority of fiber realizations should yield a Maxwellian distribution of the DGDs at different frequencies. There were two problems with this criterion. First, there are many realizations, like the one in which all the orientations are lined up, in which the pdf of the DGD is not Maxwellian no matter how large the bandwidth is. Even with as many as 15 sections, the volume of the phase space of these realizations is large enough to substantially affect the overall result. Second, even with the realizations that have a Maxwellian distribution of the DGD, the bandwidth has to be unrealistically large, as discussed in Section III. We did, however, verify that the two criteria that we have chosen are sufficient to assure that the second-order PMD has the appropriate distribution. In Fig. 9 , we show the distribution of the length of the polarization dispersion vector with three and with 15 sections. In both cases, we used the procedure to optimize the lengths that we described at the beginning of this section. In a real fiber, the theoretically predicted pdf is [8] (27) where . It is apparent that three sections are insufficient to obtain the correct pdf, but 15 sections yield a pdf that is almost indistinguishable from the analytical result on a linear scale.
We summarize the key results from our emulator design studies in Table I . We first note that even with just seven sections, the optimization procedure yields a reasonable Maxwellian distribution for design E1, although the background autocorrelation level remains high. With this number of sections, it is important to apply the optimization procedure to get a good result. By contrast, with 15 sections, we find that the difference the optimized and one that came from a single random choice that corresponded to our experimental setup was only about 10%. Moreover, the values for and the background autocorrelation level were actually somewhat worse for the optimized case. We observed that the design E2 converges more slowly to a Maxwellian pdf than does the design E1, even though it handles the randomization of the fields on the Poincaré sphere more rapidly. The reason is that the design E1 splits the power somewhat more effectively than does E2 among the different orientations. The splices at 45 in the composite sections in designs EC1 and EC2 guarantee that the polarization states at different frequencies undergo a differential rotation in each section, which is why the background autocorrelation level converges more rapidly. On the other hand, it reduces the convergence to the Maxwellian pdf for polarization rotators, since in this case the polarization rotation is restricted to the plane. Without the splice, each section adds a constant amount to the autocorrelation background level. This constant level receives a frequency-dependent rotation in the next section. Thus, the last section plays a large role in determining the background autocorrelation level. Hence, the design ED in which the section lengths decrease yields a very low autocorrelation background level although and are fairly large due to the large variation of the section lengths.
It is our view that a 15-section emulator with rotatable sections represents a good design compromise among the two theoretical design criteria that we have proposed as well as ease of implementation. However, additional studies are being carried out in order to develop a technique that allows for the exploration of the performance of these emulators for rare events with large DGD or large frequency derivatives of the polarization dispersion vector, because they are the main cause of outage in optical systems due to PMD.
VII. CONCLUSION
In this paper, we have investigated analytically, numerically, and experimentally the properties of PMD emulators, and we have proposed and examined several different emulator designs.
We began by investigating the properties of emulators with fixed orientations between sections of polarization-maintaining fiber. We found that very large bandwidths-much larger than are currently in use in communications systems-are required in order to obtain a Maxwellian distribution of the DGD over the frequency bandwidth. We also found that splicing the sections at 45 rather than randomly leads to a more rapid convergence. Next, we investigated emulators in which the splicing angle between sections can be changed so that ensembles can be studied. Because the polarization states of communication fibers are constantly changing in the real world, the ability to control the mode coupling is an important property for emulators to possess. We studied emulators with scramblers between the sections that allow the polarization state to be uniformly scattered, and we studied emulators in which the sections rotate relative to one another. In both cases, we were able to derive analytical expressions for the pdf of the DGD, although these expressions grow more complicated as the number of sections increases. We compared these expressions to numerical simulations, and, in the case of rotatable sections, to experiments, and have shown excellent agreement.
Finally, we proposed two criteria for judging the effectiveness of emulators and investigated a number of designs. In general, we found a tradeoff between rapid convergence to a Maxwellian pdf for the DGD as the number of sections increased and rapid convergence to a low background autocorrelation level. We found that emulators with 15 sections appear to be adequate, although further systems studies are clearly required. By contrast, emulators with three sections appear to be clearly inadequate.
APPENDIX
In order to derive the pdf for the DGD between the principal states of polarization in emulators with uniform rotation between the sections, we start from (7), which we rewrite in the form (28) where is the DGD of the first sections, is the cosine of the angle between the two polarization dispersion vectors, which are both random variables, is the constant DGD of the -th section, and is the resultant DGD whose pdf is unknown.
Because the polarization is completely scrambled, it can be shown [13] that the cosine of the angle between the polarization dispersion vectors is uniformly distributed between 1 and 1. From the pdf of the random variables and , we can obtain the pdf for the random variable using an integral relation described for example by Papoulis [14] (29)
From (28), we then obtain (30) Noting that and are independent and using (30) in (29), we find (31) Substituting the pdf of , which is uniformly distributed between and , into (31), we obtain the limits of integration by solving for in (28), setting . Using also the relation between the pdfs of two interdependent random variables, in this case and , we finally obtain (32) which is just (16) .
The derivation of (23) follows the same procedure, except that, in the first step of the previous development, the random variable is derived from an uniform distribution of between 0 and .
